Abstract. The search for first occurrences of prime gaps and maximal prime gaps is extended to 10 15 . New maximal prime gaps of 806 and 906 are found, and sixty-two previously unpublished first occurrences are found for gaps varying from 676 to 906.
Introduction
The study of the distribution of the prime numbers among the positive integers occupies a central place in number theory. This distribution may be specified by the differences G k = p k+1 − p k between successive primes; G k is also referred to as the (prime) gap following the kth prime p k , and the unmodified symbol G will be used to refer to a specific gap as well as the set of all prime gaps of a specified magnitude. A gap G contains G − 1 consecutive composite integers. All gaps are even positive integers except for G 1 = 1; it is an open question whether or not gaps of magnitude 2n exist corresponding to each and every positive integer n. The "first occurrence" of a gap G is defined by the smallest prime p k preceding (immediately followed by) such a gap. A (first occurrence of a) gap G is said to be "maximal" if all preceding gaps (between smaller consecutive primes) are strictly less than G. Thus the first occurrence of a gap of 10 follows the prime 139, but this is not a maximal gap, since an equal or larger gap (a maximal gap of 14, following 113) appears earlier in the sequence of positive integers. Note that some authors (e.g., Riesel [14, p. 80] ) specify first occurrences by the terminating prime p k+1 , while others specify a gap by the parameter r = G/2 (e.g., Brent [2, 3] ).
No general method more sophisticated than an exhaustive search is known for the determination of first occurrences and maximal prime gaps. As in the present study, this is most efficiently done by sieving successive blocks of positive integers for primes, recording the successive differences, and thus determining directly the first occurrences and maximal gaps. This technique has been used by Shanks [15] , Lander and Parkin [10] , Brent [2, 3] , and Young and Potler [17] to extend the search through all primes < 7.263512 × 10
13 . Thus all first occurrences of gaps through 674, as well as scattered first occurrences for gaps through 778, were tabulated, and all maximal prime gaps through 778 were located. See Young and Potler [17] for an exhaustive listing of these previous results. In addition, Young and Potler continued their calculations to an unpublished higher level; Ribenboim [13, p. 142] credits them with the discovery of an additional maximal prime gap of 804 following the prime 90874329411493, and this was confirmed by Young in [18] .
Isolated occurrences of much larger prime gaps have been found. It is well known that arbitrarily large gaps exist, for the positive integer (n! + 1) must be followed by at least (n − 1) consecutive composite integers; but no instance of this formula beyond n = 5 (first occurrence and maximal gap of 14 following 113) is known to yield a first occurrence. Weintraub [16] has discovered a gap of 864 following 6505941701960039, and Baugh and O'Hara [1] discovered a gap of 4248 following 10 314 -1929, but these are not known or believed to be maximal gaps or even first occurrences; the present work demonstrates conclusively that Weintraub's gap is not maximal. In conjunction with the search for seven consecutive primes in arithmetic progression [9] , Dubner [7] has discovered a gap of 1092 following the prime 409534375009657239721; this is the first known occurrence of a gap of 1000 or greater, but again it is not known to be maximal or a first occurrence. 
Computational technique
The search for prime gaps is being carried out as part of a larger program [11] , which includes the enumeration of the primes, twin primes, prime triplets, and prime quadruplets for 0(10 9 )10 14 and for 10 14 (10 10 )10 15 and beyond. Also computed are the floating point (64-bit mantissa) sums and ultraprecision (53 decimal places) sums of the reciprocals of the twins, triplets, and quadruplets, in order to extrapolate estimates for the Brun's constants (limits of the sums of the reciprocals) for each constellation. All computations are being executed during slack hours on personal computers belonging to the author or assigned to the Department of Mathematics at Lynchburg College. The number of systems (most of them Pentiums) in use has averaged about fifteen since the present program began in 1993. The source code is written in C and compiled using Borland C++4.52; it is written to run under Borland's 32-bit DOS extender so that all available extended memory can be used for the integer arrays. Earlier versions ran successively under DOS, Windows 3.x, and Win 32s, but operation under 32-bit extended DOS proved most effective, eliminating much of the irrelevant overhead imposed by the Windows environment. Typical throughput is about 10 11 integers per day on a 60 MHz Pentium. The computations are distributed independently across the systems, currently in runs of 2×10
12 ; each interval is run in duplicate on two systems to guard against machine errors. In the event that two runs of the same interval disagree, additional runs are carried out to resolve the discrepancy. Thus far, errors have been detected in nearly two dozen instances, including the Pentium FDIV flaw affair [12] in the fall of 1994; faults in memory chips appear to be the most frequent culprit, although it appears impossible to completely rule out errors in either system or application software. The most significant independent check available is the value of π(x), the count of primes, which has been carried out by indirect means to 10 20 by Deleglise and Rivat [6, 4] It is of interest to note that two of the Pentiums in service are P5-60 systems with (FDIV) flawed CPUs; the flawed floating point divisions and remainders are being detected and corrected in real time, using a combination of the -fp switch in Borland C++4.52 and a custom procedure (C function) which traps suspect divisors in all fmod and fmodl remaindering calls. With these errors trapped and corrected, and their results checked against runs on CPUs free of the flaw, these two systems have remained error free for more than a year. Table 1 lists the first occurrences of prime gaps found in the present study, now complete to 10
Computational results
15 . The new maximal gaps are marked with an asterisk ( * ). As was pointed out above, the first occurrence and maximal gap of 804 following the prime 90874329411493 is actually due to Young and Potler [13, p. 142] and is confirmed by the present work. Presumably, the other first occurrences between 7.2 × 10 13 and 9.1 × 10 13 (for the gaps of 676, 680, 686, and 718) were also known to Young and Potler, but were never published.
These results supplement those previously known and herein omitted for brevity; an exhaustive listing of previously known gaps was given by Young and Potler [17] . The smallest gap whose first occurrence is still unaccounted for is the gap of 796. First occurrences of all gaps greater than 796, not listed in Table 1 , also remain to be discovered. Discovery of the new maximal gap of 906 brings us closer to the goal alluded to by Weintraub [16] , that of finding the first occurrence of a gap of 1000 or greater. Motivated by a result obtained by Cramér [5] , Shanks [15] conjectured that a maximal gap of magnitude M could be expected to appear at approximately e √ M ; Riesel [14, p. 80 ] measures the success of this conjecture by the ratio R = ln(p k+1 )/ √ M , with R expected to approach 1 as M and p k+1 increase without bound. For the largest known maximal gaps, R has remained near 1.13, although for the new maximal gap of 906 it attains a value of 1.0969, its absolute minimum to date. Thus, assuming that the first gap of 1000 or greater will actually be about 1050, a reasonable estimate for the location of the first occurrence of a gap of 1000 or greater would be e Richstein, Universität Giessen, Germany, for recommending and encouraging the addition of this line of investigation; and to the anonymous referee for his helpful suggestions.
